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In this paper, a generalized Timoshenko model has been developed for prismatic, beam-like slender
structures with embedded or surface mounted piezoelectric type smart materials. Starting from a geo-
metrically exact formulation of the original, three-dimensional electromechanical problem, we apply
the variational asymptotic method to carry out a systematic dimensional reduction. In the process, the
three-dimensional electromechanical enthalpy functional is approximated asymptotically using the slen-
derness as the small parameter to ﬁnd out an equivalent one-dimensional electromechanical enthalpy
functional. For Timoshenko-like reﬁnement over the Euler–Bernoulli beammodel, terms up to the second
order of the slenderness are kept in the enthalpy expression. As an uniﬁed analysis tool, the present
model can analyze embedded or surface mounted active layer with arbitrary cross-sectional geometry
as two cases of a general one, no special assumptions or modiﬁcations need to be made for these two sep-
arate types of active inclusions.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Last few decades have seen tremendous growth in the smart
structure technology and its implementations in various sectors
in aerospace, mechanical and civil engineering. Review papers like
Chopra (2002), Chee et al. (1998), Loewy (1997) and Giurgiutiu
(2000) discuss in great detail about the present progress and future
prospect of this promising technology. In spite of having tremen-
dous advancement in the smart structure modeling techniques
along with the exploration of its diverse application areas, the ana-
lytical predictive capabilities, specially in a multi-physics frame-
work, for smart structures are still very limited in comparison to
those for conventional composite structures (Krommer and Irschik,
1999).
Many engineering structural components can be analyzed using
beam models if one dimension is much larger than the other two
dimensions of the structure. For this very reason, smart slender
structures are usually termed as smart beams in the literature. Dif-
ferent researchers have proposed various smart beam models to
take advantage of this geometrical feature. These models try to
capture the behavior associated with the two small dimensions,
eliminated in the ﬁnal one-dimensional (1D) beam analysis.
Roughly speaking, most of the studies in the literature can be
classiﬁed as engineering models which are based on a priori kine-
matic assumptions and asymptotic models which are derived by
asymptotic expansions of the three-dimensional (3D) quantities
in terms of the small parameters such as h/l, with h as the charac-ll rights reserved.
: +1 435 797 2417.teristic dimension of the cross section and l as the wavelength of
axial deformation. Engineering models begin with assuming some
kind of distribution through the cross section for the 3D quantities,
deﬁned in the framework of 3D piezoelectricity, in terms of the 1D
quantities deﬁned on the chosen beam axis. These models domi-
nate the literature on the modeling of smart beams. Like, Sun
and Zang (1995) and Zang and Sun (1996) developed a sandwich
beam model based on this philosophy. Other notable works in this
line are that of Benjeddou et al. (1997) and Aldraihem and Khdeir
(2000, 2003). These models use assumptions mainly based on engi-
neering intuition and have clear physical meaning. The numerical
implementation of these models can be developed straightfor-
wardly from a variational statement. However, most of the a priori
kinematic assumptions which are natural extensions derived from
the models of beam made of homogeneous, isotropic material and
cannot be easily extended or justiﬁed for heterogeneous structures
made with anisotropic materials. Moreover, there is no rational
way for the analysts to determine the loss of accuracy and what
kind of reﬁnement (that is, single-layer versus layerwise, ﬁrst-or-
der versus higher-order) should be undertaken to increase the
accuracy while keeping a reasonable computational cost.
Instead of relying on a priori kinematic assumptions, asymp-
totic methods can reduce the original 3D problem into a sequence
of 1D beam models by taking advantage of the small parameter h/l
(Altay and Dokmeci, 2003). The conventional practice is to apply a
formal asymptotic expansion directly to the system of governing
differential equations of the 3D problem and successively solve
the 1D ﬁeld equations from the leading order to higher orders.
Although these models are mathematically elegant and rigorous,
it is hard to identify to which behavior the equations deduced from
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to implement these theories numerically. This method becomes
intractable for a complex problem such as smart beams. Although
there are some conventional asymptotic models for smart plates
developed (Reddy and Cheng, 2001), such models for smart beams
are rarely developed.
Recently, the variational-asymptotic method (VAM) (Berdichev-
sky, 1979) has been introduced to remedy the aforementioned
shortcomings of asymptotic methods. This method has both merits
of variational methods (viz., systematic and easily implemented
numerically) and asymptotic methods (viz., without a priori kine-
matic assumptions). This method has been successfully applied
to model composite beams (Yu et al., 2002; Cesnik et al., 1997).
Cesnik et al. used this method to model smart beams with active
twist enabled by piezoelectric ﬁber composites. They have devel-
oped classical models for smart thin-walled beams (Cesnik et al.,
2001), smart solid beams (Cesnik and Ortega-Morales, 2001), and
a reﬁned model for smart beams (Palacios and Cesnik, 2005). In
the reﬁned model they have used assumed mode technique and
solved the cross-sectional analysis using a higher order state space
solution. Very recently, based on the general framework of apply-
ing VAM to composite dimensionally reducible structures devel-
oped in Yu et al. (2002), a generalized, fully coupled classical
model has been developed for smart beams containing piezoelec-
tric materials (Roy et al., 2007). The present research is carried
out as a reﬁnement incorporating transverse shear effects over
the classical model done in Roy et al. (2007).
2. Three-dimensional formulation
As sketched in Fig. 1, a beam can be represented by a reference
line r measured by x1, and a typical cross section s with h as its
characteristic dimension and described by the cross-sectional
Cartesian coordinates xa. (Here and throughout the paper, Greek
indices assume values 2 and 3 while Latin indices assume 1, 2,
and 3. Repeated indices are summed over their range except where
explicitly indicated.) At each point along r, an orthonormal triad bi
is introduced such that bi is tangent to xi.
The position vector r^ of any material point in the undeformed
beam structure can be written as:
r^ðx1; x2; x3Þ ¼ rðx1Þ þ xaba ð1Þ
where r is the position vector of the points of the reference line,
r0 ¼ b1 and ()0 means the partial derivative with respect to x1. When
the beam deforms, the triad bi rotates to coincide with a new triad
Bi. B1 is not tangent to the deformed beam reference line due to theB 1
B 2
B 3
Deformed State
Undeformed State
r
R
R
s
r
u
x1
b 1
b 2
b 3
R ˆ
r ˆ 
Fig. 1. Schematic of beam deformation.transverse shear deformation. For the purpose of making the deri-
vation more convenient, we introduce another intermediate triad
Ti associated with the deformed beam (see Fig. 2), with T1 tangent
to the deformed beam reference line, and Ta is determined by a
rotation about T1. The difference in the orientations of Ti and Bi is
due to small rotations associated with transverse shear deforma-
tion. The relationship between these two basis vectors can be ex-
pressed as:
B1
B2
B3
8><>:
9>=>; ¼
1 2c12 2c13
2c12 1 0
2c13 0 1
264
375 T1T2
T3
8><>:
9>=>; ð2Þ
where 2c12 and 2c13 are the small angles characterizing the trans-
verse shear deformation.
The material point having position vector r^ in the undeformed
beam now can be located by the vector function given as:bRðx1; x2; x3Þ ¼ Rðx1Þ þ xaTaðx1Þ þwiðx1; x2; x3ÞTiðx1Þ ð3Þ
where R is the position vector to a point on the reference line of the
deformed beam and deﬁned as the average of bRðx1; x2; x3Þ over the
reference cross section and wi are the components of warping ex-
pressed in Ti base system, both in and out of the cross-sectional
plane. In the present case we are trying to seek a solution which
is valid in the interior domain of the slender structure, which means
that, we will ignore the discrepancies in the boundary layer zone
following the Saint Venant principle. It is generally accepted that
the transverse shear strains ð2c12;2c13Þ are one order higher than
the strain measures used in the classical model, which are; exten-
sion ðc11Þ, twist ðj1Þ, and two bendings ðj2 and j3Þ, respectively.
Eq. (3) is four times redundant because of the way warping was
introduced. To remove the redundancy, the following four integral
constraints can be used:
hwii ¼ 0 hx2w3  x3w2i ¼ 0 ð4Þ
where the notation h i means integration over the reference cross
section. The implication of Eq. (4) is that warping does not contrib-
ute to the rigid-body displacement of the cross section. These con-
straints effectively deﬁne the meaning of 1D displacement variables
including extension, bending and torsion. Using the concept of
decomposition of rotation tensor (Danielson and Hodges, 1987)
for small local rotation, we can express the Jaumann–Biot–Cauchy
strains as:
Cij ¼ 12 ðFij þ FjiÞ  dij ð5Þ
where dij is the Kronecker symbol, and Fij the mixed-basis compo-
nent of the deformation gradient tensor such that,1T
3T
3B
1B
132
Fig. 2. Coordinate systems used for transverse shear formulation.
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Here Gk are the covariant base vectors of the deformed conﬁgura-
tion and gk the contravariant base vectors for the undeformed con-
ﬁguration (Roy, 2007). The 3D strain ﬁeld Cij can be expressed in
terms of the 1D generalized strain measures which are deﬁned as:
c11b1 ¼ biTi  R0  r0
jibi ¼ biTi  K
ð7Þ
where K is the curvature vector of the deformed reference line,
K ¼ jiTi.
Until now, we have described the kinematics of the electrome-
chanical system, which is the same as that of a conventional com-
posite beam, the details of which are fully described in Hodges
(2006). The electrical counterpart in an electromechanical system
is characterized by the electric potential, /ðxi; tÞ, which can be used
to deﬁne the electric ﬁeld as:
E ¼ r/ ð8Þ
whose components in the bi system are:
Ei ¼  o/oxi ð9Þ
We can arrange the expressions of strain and electric ﬁeld in a ma-
trix format as:
C ¼ Chwþ CeeT þ Clw0 ð10Þ
where C¼ ½C11 2C12 2C13 C22 2C23 C33 E1 E2 E3T , w¼ ½w1 w2 w3 /T
a column matrix of generalized warping functions, and
eT ¼ ½c11 j1 j2 j3T a column matrix of 1D strain measures of the
classical model. From hence forward, the subscripts associated with
the 1D strain array will denote the base system it is deﬁned on. The
explicit forms of the operator matrices in Eq. (10) are given as,
Ch ¼
0 0 0 0
o
ox2
0 0 0
o
ox3
0 0 0
0 oox2 0 0
0 oox3
o
ox2
0
0 0 oox3 0
0 0 0 0
0 0 0  oox2
0 0 0  oox3
26666666666666666664
37777777777777777775
; Ce ¼
1 0 x3 x2
0 x3 0 0
0 x2 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
266666666666666664
377777777777777775
;
Cl ¼
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0
266666666666666664
377777777777777775
ð11Þ
The energetics of the smart beam can be described through the elec-
tromechanical enthalpy. For a linear piezoelectric material, twice
the electromechanical enthalpy per unit span can be expressed as:
2H ¼ CT C
E e
eT kS
" #
C
* +
ð12Þ
where CE is the 6  6 elastic material matrix at constant electric
ﬁeld, e is the 6  3 piezoelectric coefﬁcient matrix, and kS the
3  3 dielectric coefﬁcient matrix at constant strain. For regularcomposite material which is not piezoelectric, the piezoelectric
coefﬁcients are zero.
So far, we have presented a 3D formulation for the electrome-
chanically coupled problem for smart beams in terms of unknown
functions eT , wi, and /. If we attempt to solve this problem directly,
we will meet the same difﬁculty as solving any full 3D problem.
Fortunately, VAM provides a useful technique to carry out the
dimensional reduction to obtain asymptotically correct 1D beam
models.3. Dimensional reduction
The dimensional reduction from the 3D continuum formulation
to a 1D beam formulation cannot be done exactly. We have to rely
on some asymptotic analysis in terms of the small parameter h/l
inherent in the structure. This paper focuses on smart beams hav-
ing electric potential known at least in a single point of the cross
section. The known potential could be zero such as the grounded
situation. This type of smart beams is those studied by most of
the existing literature. For example, a smart beam with electric po-
tential prescribed on electroded surfaces parallel to the beam ref-
erence line. For this type of smart beams, we have no mechanism
to introduce a 1D electric variable as we did in Roy and Yu
(2009). Instead, we have to directly consider the 3D electric poten-
tial in the dimensional reduction and solve it directly in this
process.
To deal with smart beams with arbitrary topology, we need to
rely on the ﬁnite element method for numerical solutions. To this
end, we descretize the cross section by ﬁnite elements with gener-
alized warpings ðwi;/Þ as the four nodal variables.
wðx1; x2; x3Þ ¼ Sðx2; x3ÞVðx1; tÞ ð13Þ
where S is the shape function matrix and V is the column matrix
containing the nodal variables.
Substituting Eqs. (10) and (13) back in Eq. (12), we obtain the
electromechanical enthalpy expression asymptotically correct up
to the second order as:
2H ¼ VTEV þ 2VTDheeþ eTDeee|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
Oðl2Þ
þ2VTDhlV 0 þ 2V 0TDlee|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
O l2hlð Þ
þV 0TDllV 0|ﬄﬄﬄﬄ{zﬄﬄﬄﬄ}
O l2h2
l2
 
ð14Þ
where l denotes the order of material constants,  denotes the
order of eT .
The integral constraints on the mechanical warping given in Eq.
(4) can be written in a discretized form as:
VTHW ¼ 0 ð15Þ
with H ¼ hSTSi and:
w ¼
1 0 0 0
0 1 0 x3
0 0 1 x2
0 0 0 0
26664
37775 and W ¼ Sw ð16Þ
Apart from the four integral constraints on the warping ﬁeld, the
prescribed electric potential over the cross section comes as point
constraints in the cross-sectional problem, given as:
/ðx1; x2; x3Þ ¼ /i ð17Þ
on the points of the cross section where the electric potential is pre-
scribed. When expressed in discretized form, the prescribed poten-
tial over the cross-section forms a known array of electric potential
denoted as Vk, an array of dimension 4n, with n as the total number
of nodes. Vk contains zero values at the places of unknown
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at the places of prescribed electrical potential.
At this point we write the generalized warping ﬁeld as a combi-
nation of known part ðVkÞ and an unknown part ðVuÞ. The unknown
part of the warping contains zero terms at those nodes which cor-
respond to the prescribed electric potentials. The unknown part is
further expanded as an asymptotic series in terms of h/l. We can
write the total warping function as:
V ¼ Vk þ Vu ¼ Vk þ V0 þ V1 þ V2 þ O hh
3
l3
 !
ð18Þ
where V0  OðhÞ, V1  O hl V0
 
, and V2  O hl V1
 
.
3.1. Zeroth-order solution
Details of the zeroth-order solution have been given in Roy et al.
(2007) where a classical model for the smart beam was con-
structed. In the present case, we brieﬂy describe the zeroth-order
solution procedure to maintain continuity with the ﬁrst-order
solution presented later. For the ﬁrst approximation of the electro-
mechanical enthalpy given in Eq. (14), we keep terms up to Oðl2Þ.
Substituting Eq. (18) into Eq. (10) and neglecting all the terms
higher than Oðl2Þ, we get:
2H0 ¼ ðVk þ V0ÞTEðVk þ V0Þ þ 2ðVk þ V0ÞTDheeþ eTDeee ð19Þ
It can easily be shown that integral constrains in Eq. (15) for the zer-
oth-order approximation turn out to be:
VT0HW ¼ 0 ð20Þ
As described in Roy et al. (2007), we minimize the electromechan-
ical enthalpy given in Eq. (19) along with the constraints given in
Eq. (20). The ﬁnal linear system involving V0 turns out to be:
EV0 ¼ ðHWWT  IÞDheeT  EVk ð21Þ
Eq. (21) is solved in two stages as follows:
EV ð1Þ0 ¼ ðHWWT  IÞDheeT ) V ð1Þ0 ¼ bV 0eT
EV ð2Þ0 ¼ EVk ) V ð2Þ0 ¼ V/
ð22Þ
The ﬁnal solution for V0 can be written as:
V0 ¼ bV 0eT þ V/: ð23Þ
3.2. First-order solution
For the ﬁrst-order approximation, we keep terms up to
O l2 h2
l2
 
in the expression of the electromechanical enthalpy.
The expression of V from Eq. (18) along with Eq. (23) is substituted
in Eq. (14). Neglecting all the terms higher than O l2 h2
l2
 
, we get
an expression:
2H1 ¼ eTT bV T0Dhe þ Dee eT þ eTTDTheðVk þ V/Þ þ VT1EV1
þ 2ðVk þ bV 0eT þ V/ÞTDhl bV 0e0T þ V 0/ 
þ 2VTkDhlV 01 þ 2 bV 0eT þ V/ TDhlV 01
þ 2VT1Dhl bV 0e0T þ V 0/ þ 2 bV 0e0T þ V 0/ TDleeT
þ bV 0e0T þ V 0/ TDll bV 0e0T þ V 0/ þ 2V 0T1 DleeT ð24Þ
In the present analysis, it is assumed that the cross-sectional distri-
bution of the externally given electric potential remains same along
the beam reference. In other words, V 0k ¼ 0. Often, only some por-
tions of the smart beam are electroded and have prescribed electricpotential. For such cases, the smart beam should be divided into
several beams with different cross-sectional models because the
cross sections are essentially different. It can also be proved that
V2 and any higher order perturbation beyond V2, do not contribute
to the electromechanical enthalpy asymptotically correct to
O l2 h2
l2
 
. Integrating Eq. (24) by parts and neglecting the constant
terms, the leading terms with respect to the unknown V1 from Eq.
(24) can easily be obtained as:
2H ¼ VT1EV1 þ 2VT1DhlV 00  2VT1DThlV 00  2VT1Dlee0T ð25Þ
Similar to the zeroth-order warping, the ﬁrst-order warping should
also satisfy the following integral constraints:
VT1HW ¼ 0 ð26Þ
Minimizing the electromechanical enthalpy functional in Eq. (25)
subject to this constraint, we derive the following Euler–Lagrange
equation for the ﬁrst-order warping V1:
EV1 ¼ HWWT  I
 
Dhl bV 0  DThl bV 0  Dle e0T þ Dhl  DThl V 0/h i
ð27Þ
Now, the linear system in Eq. (27) can be solved for V1 similarly as
what has been done for V0 and given as:
V1 ¼ V1Se0T þ V 01/: ð28Þ3.3. Some clariﬁcations
As V 0k ¼ 0 in the present study, so from the second part of Eq.
(22) we can derive:
EV 0/ ¼ 0 ð29Þ
This equation tells us V 0/ comes from the kernel of E matrix, i.e.,
V 0/ 2 W. The actual representation of V 0/ is unknown, hence we can-
not solve V 01/ in an explicit form. This may suggest we need to incor-
porate an electric degree of freedom in the reﬁned 1D model, which
is beyond the scope of the present work and will be investigated in
future research. But as we have the notion of the order of V/, it is
possible for us to ﬁnd an approximate solution for V1/ instead. If
we write V/ as an asymptotic series as:
V/ ¼ V ð1Þ/
OðhÞ
þ V ð2Þ/
O hhlð Þ
þ V ð3Þ/
O hh
2
l2
 þO hh3l3
 !
ð30Þ
where V ðiÞ/ are the terms at each order level, then we have
V 0/ ¼ V 0/ð1Þ
O hlð Þ
þ V 0ð2Þ/
O h
2
l2
 þ V 0/ð3Þ
O h
3
l3
 þO h4l4
 !
ð31Þ
Now as we know
V1/  V/  OðhÞ and V 01/  V 0/  O
h
l

 
ð32Þ
Looking into Eqs. (30)–(32), we can formulate an approximate
subordinate equation from Eq. (27) by integrating both sides of
the following equation:
EV 01/ ¼ ðHWWT  IÞ Dhl  DThl
 
V 0/ ð33Þ
to get an equation like,
EV1/ ¼ ðHWWT  IÞ Dhl  DThl
 
V/ ð34Þ
It is clear that Eq. (34) is an approximate one because we have ne-
glected some constant terms in the electromechanical enthalpy.
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can solve for V1/ from Eq. (34). Substituting Eq. (28) back in Eq. (24)
and neglecting boundary layer related terms resulted from integra-
tion by parts for eliminating derivatives of V/ and V1/, we get an
expression of the electromechanical enthalpy asymptotically cor-
rect up to the second order as:
2H1 ¼ eTTAeT þ 2eTTBe0T þ e0TT Ce0T þ 2eTTDe00T þ 2eTT fe þ 2e0TT fe0 þ 2e00TT fe00
ð35Þ
Here we have dropped the quadratic terms with respect to the elec-
tric potential in Eq. (35) because it will not affect the 1D beammod-
el. It is also noted that Eq. (35) will be asymptotically correct only if
the neglected integration constant is small in Eq. (34). Later we will
show that dropping the integration constants will not affect the
construction of a generalized Timoshenkno model, which is the
main purpose of this study. The expressions of A, B, C and D are gi-
ven as:
A ¼ bV 0Dhe þ Dee
B ¼ bV 0Dhl bV 0 þ DTle bV 0
C ¼ VT1SDThl bV 0 þ VT1SDle þ VT1SDhl bV 0 þ bV 0Dll bV 0
D ¼ bV T0DhlV1S þ DTleV1S
ð36Þ
and the actuation forces are given as,
fe ¼ 12D
T
heðVk þ V/Þ
fe0 ¼ bV T0DThlðVk þ V/Þ  bV T0DhlV/  DTleV/
fe00 ¼ VT1SDThlðVk þ V/Þ 
1
2
VT1SðDhl þ DThlÞV/
 bV T0DllV/ þ 12 bV T0Dhl  bV T0DThl þ DTle V1/:
ð37Þ
3.4. Transformation to a generalized Timoshenko model
Because of the special choice of triad Ti, the 1D force-strain
measures associated with transverse shear deformation are zero,
leaving only an extensional force strain and curvature strains. In
other words,
c11 ¼ c11j2c1a¼0 ji ¼ jij2c1a¼0 ð38Þ
A kinematical identity can be derived between these two sets of 1D
strain measures in Ti and Bi basis as:
eT ¼ eB þ Qc0B ð39Þ
where
Q ¼
0 0
0 0
0 1
1 0
26664
37775 ð40Þ
where eB ¼ ½c11 j1 j2 j3T are the classical strain measures and
cB ¼ ½2c12 2c13T . All these strain measures are associated with a
Timoshenko model measured in the Bi basis.
Substituting Eq. (39) into Eq. (35), we can express the electro-
mechanical enthalpy in terms of the 1D strain measures of the
Timoshenko model related to Bi base as:
2H1 ¼ eTBAeB þ 2eTBAQc0B þ 2eTBBe0B þ e0TB Ce0B þ 2eTBDe00B þ 2eTBfe
þ 2c0TB QT fe þ 2e0TB fe0 þ 2e00TB fe00 ð41Þ
Such a model is not convenient for engineering applications be-
cause it involves derivatives of 1D strain measures. Our purposehere is to eliminate these troublesome derivatives to construct a
generalized Timoshenko model which will look like:
2HT ¼ eTBXeB þ 2eTBFcB þ cTBGcB  2eTBFa1  2cTBFa2 ð42Þ
where Fa1 ¼ ½f a1 ma1 ma2 ma3T and Fa2 ¼ ½f a2 f a3 T . To facilitate this trans-
formation, we will ﬁt the ﬁrst ﬁve terms of the electromechanical
enthalpy as given in Eq. (41) into a quadratic form in terms of
eB and cB, i.e., the ﬁrst three terms in Eq. (42). Following Yu et al.
(2002), we can obtain the following expressions for the derivatives
of strain measures in Eq. (41):
e0B ¼ N1QFTeB  N1QGcB
c0B ¼ G1FTN1QFTeB þ G1FTN1QGcB
e00B ¼ 0
ð43Þ
It is timely noted here that the actuation force fe00 will not affect the
generalized Timoshenko model because e00B vanishes, which further
means that the constant neglected in obtaining V1/ in Eq. (34) has
no effect in the model we want to construct because V1/ only ap-
pears in fe00 .
Substituting Eq. (43) back into Eq. (41) and by inspection we ob-
tain the following matrix equations for X, F and G:
X ¼ Aþ 2AQG1FTN1QFT  2BN1QFT þ FQTN1CN1QFT
F ¼ AQG1FTN1QG BN1QGþ FQTN1CN1QG
G ¼ GTQTN1CN1QG
ð44Þ
where N ¼ X  FG1FT . The equations can be solved in a similar
manner according to the procedure in Yu et al. (2002) for X, F and
G. The ﬁnal expressions for active forces Fa1 and F
a
2 are given as:
Fa1 ¼ FQTN1 fe0  FG1QTfe
 
 fe
Fa2 ¼ GQTN1 fe0  FG1QTfe
  ð45Þ
The 1D constitutive relations for a generalized Timoshenko model
can be written as:
F1
F2
F3
M1
M2
M3
2666666664
3777777775
¼
s11 s12 s13 s14 s15 s16
s12 s22 s23 s24 s25 s26
s13 s23 s33 s34 s35 s36
s14 s24 s34 s44 s45 s46
s15 s25 s35 s45 s55 s56
s16 s26 s36 s46 s56 s66
2666666664
3777777775
c11
c12
c13
j1
j2
j3
2666666664
3777777775

f a1
f a2
f a3
ma1
ma2
ma3
2666666664
3777777775
ð46Þ
It is noted that for a beam analysis of the smart structure, only
mechanical variables exist and the effects due to piezoelectric cou-
pling and prescribed electric potential exhibit in the actuation
forces ðf ai ;mai Þ. Furthermore, due to electromechanical coupling,
the stiffness values (sij for i ¼ 1; . . . ;6 and j ¼ 1; . . . ;6) are different
from beams made of non-piezoelectric materials with the same
elastic and dielectric properties.4. Model veriﬁcation
The present theory has been implemented into VABS, a com-
puter program capable of general-purpose cross-sectional model-
ing of beams having arbitrary cross-sectional geometry and made
of general anisotropic material. One unique feature of the present
model is that it decouples the original 3D electromechanical anal-
ysis into a two-dimensional (2D) cross-sectional analysis and a 1D
beam analysis. If only the global behavior is of interest, one can
carry out the cross-sectional analysis ﬁrst to obtain the constitu-
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for necessary beam analyses, static or dynamic. If one is also inter-
ested in detailed distribution of the 3D variables, we need to re-
cover the 3D variables using VABS based on the global behavior.
To validate the theory and the numerical implementation in VABS,
we studied the following examples.
4.1. Example I
The ﬁrst example is taken from Zang and Sun (1996), where two
piezoelectric layers are mounted on an aluminium core to form a
three-layer construction. Piezoelectric material is polarized along
the thickness direction. The beam is clamped at one end and the
length of the beam is 0.1 m. The dimensions of the cross-section
and the material properties are given in Table 1, where E, m and
G denote Young’s modulus, Poisson’s ratio and shear modulus,
respectively. The superscript E indicates that the mechanical prop-
erties have been measured at constant electric ﬁeld. The terms e
and k denote the electromechanical coupling coefﬁcients and the
dielectric properties of the material, respectively. The superscript
S indicates that the dielectric properties have been measured at
constant strain. These 3D material properties contribute to the
cross-sectional stiffness matrix formulation in Eq. (46) via 3D elec-
tromechanical enthalpy functional given in Eq. (12). The interfaces
between the piezoelectric layer and aluminium core are grounded
and the electric potential of the top and bottom surfaces are pre-
scribed to be 10 V. A 3D ﬁnite element model of the beam is con-
structed in ANSYS using piezoelectric elements. For VABS 2D cross-
sectional discretization, we divide the width by 20 eight-noded
quadrilateral elements and along the thickness each PZT5H layer
is divided into two elements and the aluminium core is divided
into 16 elements. The total number of 2D elements in the cross-
section is 20  20. In the ANSYS model, we divide the cross-sec-
tions by the same mesh and we divide the length into 200 ele-
ments. Thus, the ANSYS model uses a total of 200  20  20
SOLID 5, 8-noded coupled brick elements. Fig. 3 compares the
transverse centroidal displacements between VABS and ANSYS.
To demonstrate the predictive capability of VABS for detailed dis-
tributions of 3D variables, we also recovered the 3D ﬁeld using
VABS based on the global beam behavior at the mid span
ðx1 ¼ 0:05 mÞ. Fig. 4 plots the distribution of the axial displacement
through the thickness. Both ANSYS and VABS predict the same lin-
ear behavior, which implies that the cross section remains as a
plane after deformation. Fig. 5 plots the voltage distribution along
the thickness of the structure. It is clear that the electric potential
is zero inside the aluminium core and assumes an almost linear
distribution within the piezoelectric layers. The non-zero stress
components are plotted in Figs. 6–9. Excellent agreement between
VABS and ANSYS has also been observed for these quantities.Table 1
Cross-sectional geometry and material properties of the three-layer beam.
Properties Aluminium PZT5H
EE11 ¼ EE22 ðGPaÞ 70.3 60.00
EE33 ðGPaÞ 70.3 48.16
mE12 0.345 0.2906
mE23 ¼ mE13 0.345 0.5099
GE12 ðGPaÞ ¼ GE13 26.13 23.0
GE23 ðGPaÞ 26.13 23.3
e33 ðC=m2Þ 0 23.3
e31 ¼ e32 ðC=m2Þ 0 6.5
e24 ¼ e15 ðC=m2Þ 0 17.0
kS11 ¼ kS22 ðC=V mÞ 10:18 1011 1:503 108
kS33 ðC=V mÞ 10:18 1011 1:3 108
Thickness (mm) 16 1 (top and bottom)
Width (mm) 10 10
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Fig. 5. Voltage distribution along the thickness.4.2. Example II
The second example is the sandwich beam given in Zang and
Sun (1996), where the top and the bottom layers are made of alu-
minium, each 8 mm thick. A PZT5H layer of thickness 2 mm is
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Fig. 6. Axial stress ðr11Þ distribution along the thickness m.
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Fig. 7. Transverse normal stress ðr22Þ distribution along the thickness.
−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2 2.5
x 104
−0.01
−0.008
−0.006
−0.004
−0.002
0
0.002
0.004
0.006
0.008
0.01
σ33 (N/m
2)
Th
ic
kn
es
s 
 (m
)
VABS
ANSYS
Fig. 8. Transverse normal stress ðr33Þ distribution along the thickness.
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Fig. 9. Transverse shear stress ðr23Þ distribution along the thickness.
Table 2
Geometry and material properties of the sandwich beam.
Properties Aluminium PZT5H
EE11 ¼ EE22 ðGPaÞ 70.3 60.01
EE33 ðGPaÞ 70.3 48.16
mE12 ¼ mE13 0.345 0.4092
mE23 0.345 0.2906
GE12 ðGPaÞ ¼ GE13 26.13 23.0
GE23 ðGPaÞ 26.13 23.3
e11 ðC=m2Þ 0 23.3
e12 ¼ e13 ðC=m2Þ 0 6.5
e26 ¼ e35 ðC=m2Þ 0 17.0
kS11 ðC=V mÞ 10:18 1011 1:3 108
kS22 ¼ kS33 ðC=V mÞ 10:18 1011 1:503 108
Thickness (mm) 8 (top and bottom) 2
Width (mm) 10 10
Table 3
Cross-sectional constants of the sandwich beam.
VABS UM/VABST Difference (%)
s11 (N) 0:1245114 108 0:1245114 108 0.0000
s22 (N) 0:3647259 107 0:3646642 107 0.0064
s33 (N) 0:3809688 107 0:3809688 107 0.0000
s44 (N m2) 0:1004871 103 0:1004871 103 0.0000
s55 (N m2) 0:3415910 103 0:3415911 103 0.0000
s66 (N m
2) 0:1037487 103 0:1037487 103 0.0000
f a3 (N) 0:4658982 101 0:4669564 101 0.2271
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age drop of 20 V. In this case, piezoelectric material is polarized
along the axial direction and electric ﬁeld is perpendicular to the
polarization. The geometry and material properties are listed inTable 2. The cross section is meshed with 10 (along the width)  18
(along the thickness), 8-noded, quadrilateral elements. We com-
pare the generalized Timoshenko model, Eq. (46), with UM/VABS
(Palacios and Cesnik, 2005), a computer code for cross-sectional
analysis of smart beams developed at University of Michigan. Since
the current version of UM/VABS cannot produce a fully coupled
Timoshenko model, the results obtained using the temperature
analogy of UM/VABS, denoted as UM/VABST, are used instead.
The temperature analogy essentially is an uncoupled approach
with an assumed linear distribution of electric potential in the pie-
zoelectric layer. The non-zero stiffness and actuation forces are
listed in Table 3. The results are compared with UM/VABST. The
results with temperature analogy are almost identical. This is
expected because the thickness of the PZT5H layer is relatively
small so the stiffness properties are mostly contributed by the pas-
sive aluminium and the actual voltage variation within the PZT
core is almost linear as veriﬁed by both ANSYS and VABS in
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Table 4
Cross-sectional constants of a beam completely made of PZT5H.
VABS UM/VABST Difference (%)
s11 (N) 0:10802340 108 0:10802340 108 0.0000
s22 (N) 0:32989070 107 0:3185522 107 3.4370
s23 (N) 0:21008010 102 0 100
s33 (N) 0:34786730 107 0:34455350 107 0.9526
s44 (N m2) 0:90017817 102 0:9001782 102 0.0000
s55 (N m2) 0:29166318 103 0:2916632 103 0.0000
s66 (N m
2) 0:90019500 102 0:9001950 102 0.0000
f a3 (N) 0:10043127 102 0:2546698 102 153.576
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temperature analogy of UM/VABS actually reﬂects the reality.
Fig. 11 compares the transverse deﬂections computed by other
beam theories and VABS, where FOBT stands for ﬁrst-order beam
theory and HOBT stands for higher-order beam theory obtained
from Aldraihem and Khdeir (2000), and analytical refers to the
analysis of Sun and Zang (1995). Also, as a bench mark, we calcu-
lated the centroidal deﬂections from the direct 3D multiphysics
simulation of ANSYS. It is observed that the analytical results in
Sun and Zang (1995) have an excellent agreement with ANSYS,
VABS slightly over predicts the results, and HOBT under predicts
the results and FOBT signiﬁcantly under predict the results.
4.3. Example III
To show the effect of electromechanical coupling to the 1D gen-
eralized Timoshenko model, we study another example which has
similar geometric dimensions as the previous two examples, but
completely made of PZT5H material and polarized along the axial
direction. The top surface is given 180 V and the bottom surface
is grounded. The non-zero stiffness constants are listed in Table
4. The comparison with an uncoupled approach using UM/VABST
clearly shows the increased signiﬁcance of the electromechanical
coupling in the cross-sectional stiffness constants when the whole
beam is made of piezoelectric material. It suggests that withincreasing percentage of the piezoelectric material with respect
to the base non-piezoelectric material, the electromechanical cou-
pling becomes increasingly important, which implies it is neces-
sary to use a fully coupled approach such as the one developed
in this study.
5. Conclusion
A generalized Timoshenko model is constructed using the vari-
ational asymptotic method through a rigorous dimensional reduc-
tion of the original 3D, fully coupled electromechanical analysis.
The developed model is implemented numerically using the ﬁnite
element method into VABS, a computer code now capable of a gen-
eral-purposes cross-sectional analysis of smart beams. The fair pre-
dictive capability of the present model is demonstrated through
comparison with the results available in the literature and with
the direct 3D multiphysics simulation of ANSYS. The signiﬁcant
effects of electromechanical coupling to the 1D beam constitutive
model are also disclosed through comparison with an uncoupled
approach.
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